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In this paper, we prove reconstruction results for truncated lattices. The main
results are that truncated lattices that contain a 4-crown and truncated semi-modular
lattices are reconstructible. Reconstruction of the truncated lattices not covered by
this work appears challenging. Indeed, the remaining truncated lattices possess very
little lattice-typical structure. This seems to indicate that further progress on the
reconstruction of truncated lattices is closely correlated with progress on
reconstructing ordered sets in general. # 2002 Elsevier Science (USA)
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4-crown.1. INTRODUCTION
A binary relation on a ground set E; is a mapping, from the set of pairs of
elements of E; into a 2-element set (for example fþ;g). It can also
be considered as a subset of the Cartesian product E2: A relation is said to be
finite if its ground set is ﬁnite. In this paper, we are only concerned with
ﬁnite relations. In the following, a binary relation is a pair R ¼ ðV ðRÞ;EðRÞÞ;
where V ðRÞ is its ground set and where EðRÞ  V ðRÞ2 is its edge set. With
each subset X of V ðRÞ is associated the subrelation ðX ; ðX 	 X Þ \ EðRÞÞ
induced by R on X ; denoted by R½X 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RECONSTRUCTION OF TRUNCATED LATTICES 255x 2 V ðRÞÞ; then the subrelation R½V ðRÞ  X  (resp. R½V ðRÞ  fxgÞ is denoted
by R X (resp. R x). An isomorphism from a relation R onto a relation S is
a bijective mapping f; from V ðRÞ onto V ðSÞ; such that for all x; y 2
V ðRÞ; ðx; yÞ 2 EðRÞ if and only if ðfðxÞ;fðyÞÞ 2 EðSÞ: If such a mapping exists,
then R is said to be isomorphic to S; denoted by R’ S:
Following Ulam [17], a binary relation R is said to be reconstructible,
provided that for every binary relation S; if there exists a one-to-
one mapping c from V ðRÞ onto V ðSÞ such that for all x 2 V ðRÞ it is
true that R x’ S  cðxÞ; then R’ S: The reconstruction problem is
then to establish whether binary relations are reconstructible or not.
This problem is still open for graphs (i.e., symmetric binary relations)
and orders (i.e., antireﬂexive and transitive binary relations), whereas it
admits a negative answer for tournaments (i.e., total and antisymmetric
binary relations) as shown by Stockmeyer [15]. Note that for graphs,
the reconstruction conjecture may be true only for graphs with at least
three elements, while for orders at least four elements are necessary. Due
to the difﬁculty of the remaining open problems, other types of
reconstruction were introduced as well as the study of particular classes of
graphs and of particular classes of orders. In this paper, we will consider
order relations.
For a survey on different types of reconstruction and on reconstruction of
particular graph classes and graph parameters see [4] or [3]. For a survey on
order reconstruction together with new results see [11].
In ordered sets, the reconstruction conjecture is true for orders with a
least or a greatest element, disconnected orders (i.e., orders for which the
comparability graph is disconnected) and co-disconnected orders (i.e.,
orders for which the complement of their comparability graph is
disconnected). Note that the reconstruction for the ﬁrst class has been
shown by Das studying ﬁnite T0 and T5 spaces [5]. Nontrivial reconstructible
classes are tree-like orders [6], interval orders [11] and width two orders [12].
Three other recent results are the recognizability of decomposable orders
with at least 12 elements shown by Ille [8], the recognizability of orders
deﬁned by a wide class of forbidden substructures shown by Basso-Gerbelli
and Ille [1], and the f1; 2g-reconstruction of orders shown by Ille and
Rampon [9]. Note that the two former results have been obtained in the
more general context of binary relations.
In this paper, we consider the reconstruction of a particular class of
orders, namely that of truncated lattices. Lattices are reconstructible.
However, this is not due to their intrinsic structure. Instead, reconstruct-
ibility of lattices follows from the fact that ﬁnite lattices have a largest and a
smallest element. Thus, in order to understand whether the lattice structure
could help for the general problem of reconstruction of orders, truncated
lattices are the natural candidates to investigate. Although the problem of
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to show that the following classes of truncated lattices are reconstructible:
* truncated lattices that contain a 4-crown (cf. Theorem 3.9),
* truncated semi-modular lattices (cf. Theorem 5.10).
While these results do not provide for the reconstruction of arbitrary
truncated lattices, they reconstruct large, important classes of truncated
lattices. The proofs are based on the explicit use of the lattice theoretical
structure of the truncated lattices in question. This shows that the intrinsic
structure of lattices (even without the top and bottom element) still is strong
enough to admit strong reconstruction results. The largest remaining
problem seems to be the reconstruction of truncated lattices of height one.
This problem appears to be almost as hard as general height one orders.
From a structural point of view this is not surprising, as any order of height
one that does not contain a 4-crown is a truncated lattice. Height one orders
themselves are, of course, very close to bipartite graphs whose reconstruc-
tion is a long-standing open problem in graph theory. The authors
conjecture that insights that lead to the reconstruction of height one
truncated lattices could lead directly to reconstruction of height one orders
and possibly to the reconstruction of bipartite graphs.
2. PRELIMINARIES
We start by ﬁxing some notations and deﬁnitions on orders as in [7,16].
Then, we recall some of the known results of reconstruction that we will use
later in the paper.
An order is an ordered pair ðV ðP Þ;5P Þ; where V ðP Þ is a (ﬁnite) set and5P
is an irreﬂexive and transitive binary relation on V ðP Þ: Orders can also be
(and often are) deﬁned as ordered pairs ðV ðP Þ;4P Þ; where4P is a reﬂexive,
antisymmetric and transitive relation. Both deﬁnitions are equivalent if we
make4P the disjoint union of5P and the equality relation. The dual of P is
the order Pd ; where for x; y 2 V ðP Þ; x5P y if and only if y5Pd x: The notion
of suborder and isomorphism between orders are exactly the ones we already
gave for relations. An embedding, from an order P into an order Q; is a
mapping f; from V ðP Þ into V ðQÞ; such that f is an isomorphism from P
onto Q½fðV ðP ÞÞ: The comparability graph of P is the graph GðP Þ ¼ ðV ðP Þ;
EðP ÞÞ; where for x; y 2 V ðP Þ; fx; yg 2 EðP Þ if and only if either x5P y or y
5P x: For any x; y 2 V ðP Þ we either have fx; yg 2 EðP Þ; in which case x and y
are called comparable and denoted by xp y; or fx; yg =2 EðP Þ; in which case
they are called incomparable and denoted by x jjP y: The cover relation is
denoted by /P : That is, for x; y 2 V ðP Þ; we have x/P y if and only if x5Py
and there is no z 2 V ðP Þ such that x5P z5Py: We denote by MinðP Þ (resp.
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denote by #½p x (resp. #
im
P x) the proper predecessor (resp. lower cover) set of
x in P : That is #½P x ¼ fy 2 V ðP Þ; y5P xg and #
im
P x ¼ fy 2 V ðP Þ; y /P xg: The
predecessor set of x in P is denoted by #P x; that is #

P x ¼#
½
P x[ fxg:
Similarly, we use "½P x; "

P x and "
im
P x for, respectively, the proper successor
set, the successor set and the upper cover set of x in P : A subset C of V ðP Þ
is called a chain (resp. an antichain) if all elements of C are pair-
wise comparable (resp. incomparable). The subset C is an ideal (resp. a
filter) if it is closed under the operation of adding predecessors
(resp. successors), that is for any x 2 C and any y 2#½P x (resp. y 2"
½
P x)
holds y 2 C: An upper bound (resp. lower bound) of a subset C in P is
an element a 2 V ðP Þ such that for any c 2 C we have c4P a (resp. a4P c).
The rank of an element x 2 V ðP Þ; rankP ðxÞ; is one less than the
maximal cardinality of a chain of P ending in x: Consequently, rankP ðxÞ ¼
0 if and only if x 2MinðP Þ: Clearly, all elements of the same rank form
an antichain of P and comparable elements have different rank. The
height of P ; denoted hðP Þ; is one less than the maximal cardinality of a chain
in P : The width of P ; denoted oðP Þ; is the maximal cardinality of an
antichain in P :
Our reconstruction terminology will follow the terminology for the graph
reconstruction problem as stated in [4]. Given an order P ; the order P 0 is said
to be a reconstruction of P if there exists a one-to-one mapping c from V ðP Þ
onto V ðP 0Þ such that for all x 2 V ðP Þ holds P  x’ P 0  cðxÞ: An order is
then said to be reconstructible if it is isomorphic to all its reconstructions.
The deck of an order P is the family ðP  xÞx2V ðP Þ of its unlabeled one element
deleted suborders, and each P  x is said to be a card. Thus, P is said to be
reconstructible, if every reconstruction of P (i.e., every order with the same
deck as P ) is isomorphic to P : A parameter (on all orders) is said to be
reconstructible if it gives the same value for all reconstructions. A class of
orders is said to be recognizable if all the reconstructions of any of its
elements belong to the class.
In [10], Kelly introduced a very powerful combinatorial counting lemma,
today known as Kelly’s Lemma. This lemma allows, for any graph, to
reconstruct its strict subgraphs. The original proof also holds for arbitrary
binary relations. We give here the general version of this lemma on arbitrary
binary relations, and, for the reader’s convenience, we also give its proof.
This general form is interesting, particularly when dealing with orders, since
it allows to use the same lemma for suborders or for subgraphs of
comparability graphs.
Lemma 2.1 (Cf. Kelly [10]). The number sðS;RÞ of subrelations of R
isomorphic to S is reconstructible for any two binary relations with jV ðSÞj
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to S and contain a given element x of V ðRÞ is reconstructible.
Proof. Each subrelation of R isomorphic to S occurs in exactly jV ðRÞj 
jV ðSÞj one element deleted subrelations of R: Thus, we get
sðS;RÞðjV ðRÞj  jV ðSÞjÞ ¼
X
x2V ðRÞ
sðS;R xÞ:
Since the second part of the equality is clearly computable from the deck,
the result follows. The number of subrelations of R containing the element x
that are isomorphic to S is simply sðS;RÞ  sðS;R xÞ: ]
In the following, we summarize some known results on order reconstruc-
tion (see for example [11] for simple proofs). The ideal (resp. ﬁlter) size
sequence is the sequence of the cardinalities of all principal ideals (resp.
ﬁlters), that is, ideals (ﬁlters) with a largest (smallest) element, sorted in
decreasing order. The rank sequence is the sequence of the ranks of all the
elements of the order, sorted in decreasing order. When restricting attention
to the maximal or to the minimal elements, the speciﬁcation ‘‘maximal’’ or
‘‘minimal’’ denotes the subsequence on the speciﬁed elements.
Theorem 2.2. ðaÞ The following classes of orders are reconstructible:
* orders with a least or a greatest element,
* disconnected orders,
* co-disconnected orders.
ðbÞ The following parameters are reconstructible:
* the width and the height,
* the number of maximal (resp. minimal) elements,
* the ideal (resp. filter) size sequence of the maximal (resp. minimal)
elements,
* the rank sequence of the maximal elements.
Definition 2.3 (Cf. Kratsch and Rampon [11]). A card of the deck of
an order P is said to be a maximal card (resp. minimal card) if any
reconstruction P 0 of P has a maximal (resp. minimal) element x such that
P 0  x is isomorphic to this card.
In [11], it is shown that for every order P ; one maximal (resp. minimal)
card P n can be determined from the deck of P : It is also shown that the
maximal (resp. minimal) elements, of the card P n; that are not maximal
elements in P ; can also be determined. Even more is the case, as it follows
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determined. This card is such that the deleted element is of minimal ideal
(resp. ﬁlter) size, over all the maximal (resp. minimal) elements of any
reconstruction P 0 of P : Denote the size of the principal ideal (ﬁlter) of x by
iP ðxÞ ðfP ðxÞÞ: We summarize all of this in the following:
Lemma 2.4. Let P be an order and let P 0 be any reconstruction of P ; then
ðaÞ From the deck one can determine a maximal card Pn ¼ P 0  x such
that (i) x 2MaxðP 0Þ and iP 0 ðxÞ ¼ minfiP 0 ðwÞ: w 2MaxðP 0Þg; and (ii)the
maximal elements of the card P n; that are not maximal elements in P 0; can
also be determined.
ðbÞ From the deck one can determine a minimal card P n ¼ P 0  x such
that (i) x 2MinðP 0Þ and fP 0 ðxÞ ¼ minffP 0 ðwÞ: w 2MinðP 0Þg; and (ii)the
minimal elements of the card P n; that are not minimal elements in P 0; can
also be determined.
Lemma 2.5 (Cf. Kratsch and Rampon [11]). Let P be an order, then the
number of its covering relations is reconstructible.
In [14], it is shown that the number of order neighborhoods (i.e.,
suborders induced by a neighborhood) isomorphic to a given order is
reconstructible. It is then deduced that the number of order ideals (i.e.,
suborders induced by a principal ideal) and the number of order ideals of the
maximal elements isomorphic to a given order, are reconstructible. Since we
will use these results on order ideals, for the reader’s convenience, we give
here a direct and short proof of the latter.
Lemma 2.6. Let P and Q be two orders, then
(i) the number of order ideals of P isomorphic to Q is reconstructible, and
(i) the number of order ideals of maximal elements of P isomorphic to Q
is reconstructible.
Proof. As orders with a greatest element are reconstructible (see
Theorem 2.2(a)), we only have to consider orders with at least two maximal
elements. Let P be such an order, and let P  x be one of its maximal cards
as identiﬁed from the deck in Lemma 2.4. In order to conclude, it is now
sufﬁcient to show that the order ideal of x is reconstructible. By Kelly’s
Lemma (see Lemma 2.1) the number of suborders of P ; with strictly less
elements than P ; containing x is reconstructible. Note that the order ideal of
the missing element is the maximal sized order that has a greatest element
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ensures that the order ideal of x is reconstructible. ]
3. RECOGNIZABILITY OF TRUNCATED LATTICES
In this section, we prove recognizability of truncated lattices (cf. Theorem
3.4) and our ﬁrst main result, the reconstructibility of truncated lattices that
contain a 4-crown (cf. Theorem 3.9). Theorem 3.9 plays a key role hereafter,
as for all further reconstruction proofs we will be able to assume without
loss of generality that the truncated lattices in question do not contain any 4
crowns.
Definition 3.1 (Cf. Birkhoff [2, p. 6]). A lattice is an order L any two of
whose elements have a greatest lower bound or ‘‘meet’’ denoted by x^ y;
and a least upper bound or ‘‘join’’ denoted by x_ y:
Definition 3.2. Given an order P ; we deﬁne #P to be the order obtained
by adding to P both a least element ?; and a greatest element >:
Definition 3.3. A ﬁnite order T is called a truncated lattice if there
exists a lattice L isomorphic to #T :
Theorem 3.4. Truncated lattices are recognizable.
Proof. Due to Theorem 2.2(a), we only have to consider connected
orders with at least two maximal and two minimal elements. We start
with two easy observations. Firstly, the number of one element
deleted suborders of a connected truncated lattice Q; which are
not truncated lattices, is at most jV ðQÞj2ðjMinðQÞj þ jMaxðQÞjÞ: Secondly,
the number of one element deleted suborders of an order Q that is
not a truncated lattice, which are still not a truncated lattice, is at
least jV ðQÞj  4:
So, the only truncated lattices which are not easily recognizable are
those truncated lattices Q having exactly two minimal and two
maximal elements, such that for any x 2 V ðQÞ  ðMinðQÞ [MaxðQÞÞ;
the suborder Q x is not a truncated lattice. Let P be such a truncated
lattice. If P is of height one, then we are done since there exists a unique}
up to isomorphism}connected truncated lattice with two minimal and
two maximal elements: the order N : Now assume that hðP Þ ¼ k with
k > 1: We claim that, (i) the two maximal elements of P have rank k; and
(ii) there is unique element in P with rank k  1: First note that
given a truncated lattice T and given x 2 T ; then T  x is not a truncated
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be any nonmaximal element with rank k  1 in P : Then P  x must not
be a truncated lattice. So from the above remark, we immediately
deduce that x has the two maximal elements of P as upper covers. Then,
immediately, both conditions (i) and (ii) of the claim follow. So, P is co-
disconnected, and thus reconstructible by Theorem 2.2(a), which ﬁnishes the
proof. ]
Recall that given an order P ; its Dedekind–MacNeille completion is
the set V ðDMðP ÞÞ ¼ fX  V ðP Þ: X ¼ Xþg ordered by inclusion, where
Xþ (resp. X) denotes the set of upper (resp. lower) bounds of X :
That is, Xþ ¼ fy 2 V ðP Þ: 8x 2 X ; x4Pyg; and X ¼ fy 2 V ðP Þ: 8x 2 X ; y
4P xg: It is well known that this order, denoted DMðP Þ; is a lattice such
that the mapping f : V ðP Þ ! 2V ðP Þ; with fðxÞ ¼#P x; is an embedding from P
into DMðP Þ: That is, f is an isomorphism from P onto DMðP Þ½fðV ðP ÞÞ: We
will use the well-known following property of the Dedekind–MacNeille
completion.
Property 3.5 (Cf. Birkhoff [2, Exercise 5, p. 128]). Let P be an order,
and let L be a lattice. If P embeds into L; then DMðP Þ embeds into L:
Definition 3.6. A 4-crown order is any order isomorphic to the order
ðf1; 2; 3; 4g; fð1; 3Þ; ð1; 4Þ; ð2; 3Þ; ð2; 4ÞgÞ: We denote this order by the sequence
ð153 > 254 > 1Þ:
Recall that the length of a chain is the number of its elements.
Definition 3.7. Let P be an order, and let C ¼ ða5c > b5d > aÞ be a
4-crown in P : The length of C; denoted, lgP ðCÞ; is the minimal length of a
chain, maximal by inclusion, between a_ b and c^ d; if a_ b and c^ d
exist, and is 0 otherwise. The minimal crown’s length of P ; denoted lgcrownmin ðP Þ;
is the integer minflgP ðCÞ: C a 4-crown in Pg; if P has a 4-crown, and is 0
otherwise.
Property 3.8. Let P be an order, and let C ¼ ða5c > b5d > aÞ be a 4-
crown of positive length in P ; then
ðiÞ For any x 2 V ðP Þ: if C is still a 4-crown of positive length in P  x;
then lgP ðCÞ  14lgPxðCÞ4lgP ðCÞ:
ðiiÞ Let Au ¼"

P a_ b "
½
P c^ d; and let Ad ¼#

P c^ d #
½
P a_ b:
Assuming that C is of minimal length among all the 4-crowns of strictly
positive length, we have that Au ¼ Ad ; and that P ½Au is a chain.
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it is sufﬁcient to show that both P ½Au and P ½Ad  are chains. Since lgP ðCÞ51;
we have that a_ b4P c^ d: The equality case being obvious, assume that
a_ b5P c^ d:We ﬁrst show that P ½Au is a chain. Let ch ¼ ðx1; . . . ; xkÞ be a
chain, maximal with respect to inclusion and of minimal length, such that
x1 ¼ a_ b and xk  c^ d: Let A ¼ ffx; yg: x; y 2 Au and x jjP yg and
observe that if A ¼ | then Au is a chain. Otherwise let fv;wg 2 A such that
(i) 9i 2 f1; . . . ; kg with xi ¼ v and i is minimal for that property, and (ii)
w 2MinðP ½ZvÞ with Zv ¼ fz 2 Au: z jjP vg: Note that A=| implies that such a
pair fv;wg exists, and that v=xi: By choice of v; assuming that v ¼ xi; we
have that xi15Pw: Since ch is maximal with respect to inclusion and by
choice of w; we have that xi1 /P w; and thus v^ w ¼ xi1: So, C0 ¼ ða5v >
b5w > aÞ is a 4-crown in P ; such that 15lgP ðC0Þ5lgP ðCÞ which is a
contradiction. The dual argument shows that P ½Ad  is a chain. ]
Theorem 3.9. Truncated lattices having a 4-crown as suborder are
reconstructible.
Proof. First note that truncated lattices are recognizable by Theorem
3.4. Since truncated lattices that contain a 4-crown as suborder have at least
ﬁve elements, they are thus recognizable by Kelly’s Lemma (see Lemma 2.1).
By Theorem 2.2, we only have to consider orders having at least two
minimal and two maximal elements. Let P be a truncated lattice with at least
two minimal and two maximal elements, and having a 4-crown as suborder.
We ﬁrst show that if the deck of P contains a card which is not a truncated
lattice, then P is reconstructible. For that purpose, note that (i) given an
order Q; with at least two maximal and two minimal elements, we have
DMðQÞ isomorphic to DMð #QÞ; and (ii) given a lattice L; for any given x 2
V ðLÞ; if L x is not a lattice, then DMðL xÞ is isomorphic to L: Indeed,
point (i) follows directly from the deﬁnition of the Dedekind–MacNeille
completion. For point (ii), from Property 3.5 we have that DMðL xÞ
embeds into L:Now, since L x is not a lattice and jV ðLÞj2jV ðL2xÞj ¼ 1; the
embedding from DMðL xÞ into L is actually an isomorphism. So, let P  x
be a card of P which is not a truncated lattice. That is, for any
reconstruction P 0 of P ; there exists x0 2 V ðP 0Þ with P  x’ P 0  x0 and such
that #P
0
 x0 is not a lattice. Since truncated lattices are recognizable, #P
0
is
indeed a lattice. So, from the two above facts, we have that DMðP  xÞ is
isomorphic to #P
0
. Now, since any given orders Q1 and Q2 are isomorphic if
and only if #Q1 and
#Q2 are isomorphic, we obtain that P is reconstructible.
To continue we can assume that all cards of P are truncated lattices.
Notice that lgcrownmin ðP Þ is reconstructible. Indeed, since truncated lattices that
contain a 4-crown are recognizable, any reconstruction P 0; of P ; contains a
4-crown, and all contained 4-crown have strictly positive length. So, let
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a_ b exists, and then P 0  a_ b contains a 4-crown of length k  1: From
Property 3.8(i), the fact that P and P 0 have the same deck, implies that
lgcrownmin ðP Þ is reconstructible, and is actually 1þ c where c ¼ minflg
crown
min ðP 
xÞ: P  x a card of P containing a 4-crowng:
We now prove that P is reconstructible. Since P is a truncated lattice
containing a 4-crown, we have that lgcrownmin ðP Þ51: As the case lg
crown
min ðP Þ ¼ 1
implies that P has a card which is not a truncated lattice, we assume that
lgcrownmin ðP Þ ¼ k52: Let P  x be a card of P containing a 4-crown of length
k  1: Let ðCi ¼ ðai5ci > bi5di > aiÞÞi2I be all such 4-crowns of P  x: Then,
for any i; j 2 I ; we have both ai _ bi ¼ aj _ bj; and ci ^ di ¼ cj ^ dj: Let
C ¼ ða5c > b5d > aÞ be any of these 4-crowns and let A ¼ ð"Px a_
b "½Px c^ dÞ [ ð#

Px c^ d #
½
Px a_ bÞ: From Property 3.8(ii), we
know that P  x½A is a chain ch ¼ ðx1; . . . ; xk1Þ: Thus, given any
reconstruction P 0; of P ; for any element x0 2 V ðP Þ; such that P 0  x0 ’
P  x; we have that xi /P 0 x0 /P 0 xiþ1; for some i 2 f1; . . . ; k  2g: Now since
C ¼ ða5c > b5d > aÞ is still a 4-crown of minimal length in P 0; again from
Property 3.8(ii), we obtain that x0 has, in P 0; a unique lower cover and
unique upper cover. This implies that P is isomorphic to P 0: ]
4. RECOGNITION OF SOME SPECIAL CLASSES OF TRUNCATED
LATTICES
In this section, we recall the deﬁnitions of some important classes of
truncated lattices. Among them is the main auxiliary notion that we will use
in the rest of this paper, which is the property of being a graded truncated
lattice. We then establish the recognition of some general classes of orders.
These results also allow us to deduce the recognition of some corresponding
classes of truncated lattices.
We conclude the section with a reconstructibility result for truncated
atomic lattices (cf. Proposition 4.9). It shows very clearly the problem that
we will be facing for truncated upper semi-modular lattices. If our truncated
lattice does not have ‘‘enough height,’’ we loose much of the characteristic
structure that we would want to use for reconstruction. On the other hand,
if there is ‘‘enough height,’’ reconstruction can be easily achieved.
Definition 4.1 (Cf. Birkhoff [2, p. 15]). A lattice L is called upper semi-
modular if for all a; b 2 L we have that if a=b and both a and b cover c; then
a_ b covers a as well as b: Lower semi-modular lattices are deﬁned dually.
Definition 4.2 (Cf. Birkhoff [2, p. 80]). A lattice L is called atomic if
every element is a join of atoms.
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there exists a function g : P ! Z; such that, for any x; y 2 P :
G1. x5Py implies gðxÞ5ZgðyÞ:
G2. x/P y implies gðyÞ ¼ gðxÞ þ 1:
Definition 4.4. An order P is called atomic if any nonminimal element
of P has at least two lower covers.
Definition 4.5 (Cf. Birkhoff [2, p. 5]). An order P is called Jordan–
Dedekind if all maximal chains between the same endpoints have the same
ﬁnite length.
Theorem 4.6. (i) Atomic orders are recognizable.
(ii) Orders graded by their rank function are recognizable.
(iii) Jordan–Dedekind orders are recognizable.
Proof. (i) Let P be an atomic order and let P n be one of its
maximal cards as found in Lemma 2.4. In order to conclude, it is sufﬁcient
to show that the number of lower covers of the missing maximal element
of this card is reconstructible. This follows from the fact that, on the
one hand, this number is exactly the number of covering relations
in P minus the number of covering relations in P n; and that, on the
other hand, the number of covering relations of P is reconstructible
by Lemma 2.5.
(ii) First, note that an order P is graded by its rank function if and only if
for any x 2MaxðP Þ both P  x and P ½#P x; the order ideal induced
by x; are graded by their respective rank function. One only has to
note that, since ideals are closed under taking predecessors, any element of
#½P x has the same rank in P  x and in P ½#

P x: Now the recognition
of orders graded by their rank function follows from the two following facts.
Firstly, by Lemma 2.4, we can identify a maximal card for this order.
Secondly, by Lemma 2.6, the order ideals of all its maximal elements are
reconstructible.
The proof of condition (iii) follows the same lines as that for condition
(ii). Indeed, an order P is Jordan–Dedekind if and only if for any x 2MaxðP Þ
both P  x and P ½#P x are Jordan–Dedekind. ]
It is tempting to assume that a proof for recognizing graded orders follows
the same lines. Unfortunately, the property we use for proving condition (ii)
is no longer true for graded orders. Indeed, there exist nongraded orders P ;
such that, for any x 2MaxðP Þ both P  x and P ½#P x are graded. For
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condition, which allows for the following.
Corollary 4.7. Truncated graded lattices are recognizable.
Proof. First, note that an ordered set P is a truncated graded lattice if
and only if P is a truncated lattice, it is graded by its rank function, and all
its maximal elements have the same rank. The result then follows directly
from the fact that, on the one hand, truncated lattices and orders graded by
their rank function are recognizable (see, respectively, Theorems 3.4 and
4.6), and, on the other hand, the rank sequence of the maximal elements of
any order is reconstructible (see Theorem 2.2(b)). ]
Corollary 4.8. Truncated atomic lattices are recognizable.
Proof. First, note that an order is a truncated atomic lattice if and only
if it is both an atomic order and a truncated lattice with at least two maximal
elements. The result then follows directly from the fact that, on the one
hand, truncated lattices and atomic orders are recognizable (see, respec-
tively, Theorems 3.4 and 4.6), and, on the other hand, the number of
maximal elements of any order is reconstructible (see Theorem 2.2(b)). ]
Proposition 4.9. Truncated atomic lattices such that none of the
maximal elements with smallest ideal size is a cover of a minimal element
are reconstructible.
Proof. By Corollary 4.8, truncated atomic lattices are recognizable.
Since, by Lemma 2.6, the isomorphism types of the maximal ideals are
reconstructible, the orders we are interested in are recognizable. By Theorem
3.9, we only have to consider truncated atomic lattices such that any
nonminimal element has at most one upper cover. Let P be a truncated
atomic lattice such that
1. none of its maximal elements with smallest ideal size is a cover of a
minimal element, and
2. any nonminimal element has at most one upper cover.
Let P  x be a maximal card as identiﬁed in Lemma 2.4. Then,
the maximal elements of this card that are not maximal in P are actually
all the lower covers of x: Since the number of lower covers of the missing
maximal element of this card is reconstructible (see the proof of Theorem
4.6(i)), all reconstructions of P are then isomorphic. ]
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LATTICES
The reconstruction of truncated semi-modular lattices consists of two
parts. They are the reconstruction in case the height is 1 and in case the
height is greater than 1. In order to show that height one truncated
upper semi-modular lattices are reconstructible, we ﬁrst show the
reconstructibility of an easy class of orders. Then, we introduce a
characterization of truncated upper semi-modular lattices using the
intersection relations between covering successor sets and covering
predecessor sets.
Definition 5.1. Let P be an order, the element x 2MaxðP Þ is called
max-dominating if #½P x ¼ P MaxðP Þ:
Lemma 5.2. Orders such that all maximal elements are of the same rank
and that have a max-dominating element are reconstructible.
Proof. A maximal element of an ordered set Q is max-dominating if and
only if its ideal size is jQj  jMaxðQÞj þ 1: Thus, by Theorem 2.2(b) it follows
that
* the number of max-dominating elements of an order is reconstruc-
tible, and
* the orders under investigation are recognizable.
By Theorem 2.2(a), we only have to consider co-connected orders that
have a max-dominating element and are such that all maximal elements
are of the same rank. Let P be such an ordered set and let P 0 be any
of its reconstructions. Assume that the maximal elements of P have rank
k and that P has m max-dominating elements. Then the same holds for
P 0: Since P 0 is co-connected, it has at least two elements of rank k  1:
Thus, only the removal of a max-dominating element of P 0 can decrease its
number of max-dominating elements of rank k: Let P  x be a card of P ;
with m 1 max-dominating elements of rank k: Then, there exists a max-
dominating element x0 2 P 0; such that P 0  x0 ’ P  x: Since every maximal
element of P 0 has rank k; every element of P  x that has rank k  1 is
actually a lower cover of x0 in P 0: This implies that all the reconstructions of
P are isomorphic. ]
In particular, this implies
Lemma 5.3. Truncated lattices of height one with a max-dominating
element are reconstructible.
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and only if P is a truncated lattice and the following hold:
(i) for any x; y 2 P MinðP Þ; #imP x\ #
im
P y=| and "
im
P x\ "
im
P y ¼ |
implies that x; y 2MaxðP Þ; and
(ii) for any x; y 2MinðP Þ; "imP x\ "
im
P y ¼ | implies that x; y 2MaxðP Þ:
Proof. Given an order P ; let #P to be the order obtained by adding to P
the elements ? and > as least and greatest elements (see Deﬁnition 3.2). For
the forward implication, let P be a truncated upper semi-modular lattice.
Then for any x; y 2 #P such that #im#P x\ #
im
#P
y=|; we have that "im#P x\ "
im
#P
y ¼ fx_ #P yg: If "
im
P x\ "
im
P y ¼ | then "
im
#P
x\ "im#P y ¼ > and thus by
deﬁnition of > we have both "imP x ¼ |; and "
im
P y ¼ |: Now, either #
im
P
x\ #imP y=|; which gives condition (i), or x; y 2MinðP Þ; which gives
condition (ii).
We prove the backward implication by proving the contrapositive. In case
P is not a truncated lattice, there is nothing to prove. Thus, we can assume P
is a truncated, nonupper semi-modular lattice. Then there exist x; y 2 #P such
that #im#P x\ #
im
#P
y=| and "im#P x\ "
im
#P
y ¼ |; and thus at least one of these two
elements did not have > as an upper cover. This means that either "imP x=|
or "imP y=|: Moreover, x and y belong to P : Now, either #
im
P x\ #
im
P y=|
and condition (i) is violated, or #im#P x\ #
im
#P
y ¼?; which implies that both x
and y are minimal elements in P ; and then condition (ii) is violated. ]
Theorem 5.5. Truncated upper semi-modular lattices of height one are
reconstructible.
Proof. By Theorem 2.2(a) and Lemma 5.3, we only have to consider
connected truncated upper semi-modular lattices with at least two maximal
and two minimal elements and without max-dominating elements. Let P be
such an order, and let P 0 be any of its reconstructions. Let k ¼ jMaxðP Þj and
let i15   5ik be the ideal size sequence of the maximal elements of P (recall
that those parameters are reconstructible). The upper semi-modularity and
the nonexistence of max-dominating elements insure that all minimal
elements have at least two upper covers. Thus, deleting any maximal
element x of P ; induces a card P  x with exactly jMaxðP Þj  1 maximal
elements. Since deleting any minimal element x of P ; induces a card P  x
with exactly jMaxðP Þj maximal elements, we actually know which cards are
the maximal cards and which cards are the minimal cards. Thus, we can
determine all the maximal cards of P ; which are those jMaxðP Þj cards with
jMaxðP Þj  1 maximal elements. Let P  x be a maximal card such that
j #P xj ¼ i1: Note that since P is connected we have i153: Then, the set of
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A2; such that
* for any pair y; z 2 A1 the elements y and z have no common upper
cover, and
* for any pair y; z 2MinðP  xÞ; with y and z not both in A1; the
elements y and z have a (unique) common upper cover.
Note that A1 is actually #
½
P x and thus jA1j ¼ i1  1: By deﬁnition of a
maximal card, we know that P 0 is obtained from P  x by adding a new
maximal element, say m; having i1  1 lower covers. Since height one orders
are recognizable (see Theorem 2.2(b)), all lower covers of m belong to Min
ðP  xÞ: Since truncated lattices are recognizable, P 0 is a truncated lattice and
thus m must have the set A1 as its set of lower covers. Indeed, by
contradiction, assume that m has a lower cover a2 2 A2: Since i1  152;
there exists a 2MinðP  xÞ  fa2g such that a is also a lower cover of m:
Then, the elements a and a2 have two common upper covers in P 0; namely,
the element m and the common upper cover they already had in P  x; a
contradiction. ]
An order is a truncated upper semi-modular lattice if and only if its dual is
a truncated lower semi-modular lattice. Thus by duality, we immediately
obtain the following.
Corollary 5.6. Truncated lower semi-modular lattices of height one are
reconstructible.
We are now ready to prove the reconstructibility of semi-modular lattices.
Our main tool in the remaining case of height greater than 1 will be the
insight that in a semi-modular lattice, the ordered set induced on adjacent
rank levels is connected.
Lemma 5.7. Let T be a truncated upper semi-modular lattice. If x and y
are two distinct nonminimal elements of the same rank k in T ; then there is a
fence ðx ¼ m0Þ.T l0 /T m1 .T l1 /T   /T mn .T ln /T ðmnþ1 ¼ yÞ from x
to y such that
(i) for i 2 f0; . . . ; nþ 1g the mi are of rank k; and
(ii) for i 2 f0; . . . ; ng the li are of rank k  1:
Proof. Note that the result holds for T if and only if it holds for #T : Thus,
we only have to prove it for upper semi-modular lattices. So let L be an
upper semi-modular lattice and let x and y be two distinct elements of rank k
RECONSTRUCTION OF TRUNCATED LATTICES 269in L: Let d ¼ rankLðxÞ  rankLðx^ yÞ ¼ rankLðyÞ  rankLðx^ yÞ: We pro-
ceed by induction on d: For d ¼ 1 there is nothing to prove: Simply choose
l0 ¼ x^ y: Let rankLðxÞ  rankLðx^ yÞ ¼ d > 1; and assume that the result
has been proved for any pair of elements of rank k; say fa; bg; for which
rankLðaÞ  rankLða^ bÞ5d: Let ðx^ y ¼ x0Þ /L x1 /L x2 /L   /L ðxd ¼
xÞ be a chain from x^ y to x that is maximal with respect to inclusion. Note
that since L is upper semi-modular it is thus graded by its rank function (cf.
Corollary of Theorem 14 in [2, p. 40]), and so any such chain must have
length d: Let c1 be an upper cover of x^ y such that c14Ly: Then, by
deﬁnition of x^ y; we have that x jjL c1: Since x1 and c1 have a common lower
cover, namely x0; by upper semi-modularity, they have a common upper
cover, say c2; such that c2œLx2; c2œLy; and rankLðc2Þ ¼ rankLðxÞ  d þ 2:
Indeed, on the one hand by deﬁnition of x^ y; we have both c2œLy and
c2œLx: On the other hand, as L is graded by its rank function, and as x1 /L c2;
we have that rankLðc2Þ ¼ rankLðxÞ  d þ 2: Now, since x2 and c2 have a
common lower cover, namely x1; for the same reasons as previously, they
have a common upper cover c3 such that c3œLx3; c3œLy; and rankLðc3Þ ¼
rankLðxÞ  d þ 3: Inductively, we construct a sequence c1; . . . ; cd such that
1. c14Ly and rankLðc1Þ ¼ rankLðxÞ  d þ 1;
2. for i 2 f1; . . . ; d  1g; ciþ1 is an upper cover of both xi and ci;
3. ciþ1Lxiþ1;
4. ciþ1Ly; and
5. rankLðciþ1Þ ¼ rankLðxÞ  d þ iþ 1:
Thus we obtain cd such that rankLðcd Þ ¼ rankLðyÞ; cd=y; c14Lcd ; and
c14Ly: Thus, by induction hypothesis, there exists a fence ðx ¼ xd Þ .T
xd1 /T ðcd ¼ m0Þ .T l0 /T m1 .T l1 /T   /T mn .T ln /T ðmnþ1 ¼ yÞ
which fulﬁlls the desired rank conditions. ]
Lemma 5.8. Let T be a truncated upper semi-modular lattice of height at
least two that does not contain any 4-crown. Then, either T has a max-
dominating element, or T is co-disconnected.
Proof. Let T be a truncated upper semi-modular lattice that does not
contain any 4-crown and such that hðT Þ ¼ h52: We ﬁrst prove that if there
exists an element of rank h 1; having at least two lower covers, then T has
a max-dominating element.
Claim: Let x; y 2 V ðT Þ be two distinct elements of rank k51; such that
there is a fence ðx ¼ m0Þ .T l0 /T m1 .T l1 /T   /T mn .T ln /T ðmnþ1 ¼
yÞ; which fulfills (i) for i 2 f0; . . . ; nþ 1g the mi are of rank k; and (ii) for
RAMPON AND SCHRO¨DER270i 2 f0; . . . ; ng the li are of rank k  1: Then, x and y share a common upper
cover in #T :
Proof. If n ¼ 0 there is nothing to prove: This is a direct consequence of
the upper semi-modularity. Otherwise, the fact that T does not contain any
4-crown implies that, for 14i4n; mi has a unique upper cover, say ui: Now
the upper semi-modularity implies that, for 04i4n; mi and miþ1 have a
common upper cover. Then the uniqueness of the ui implies that all the mi;
with 04i4nþ 1; share a common upper cover. ]
Let x 2 V ðT Þ such that rankT ðxÞ ¼ h 1 and j #
im
T xj52: Then, the fact
that T does not contain any 4-crown implies that x has a unique upper
cover, say m: By Lemma 5.7, we deduce that for any y; of rank h 1
and distinct from x; there exists a fence of elements of ranks h 1 and
h 2 between x and y: By the claim, x and y have a common upper
cover, which must be m: Since x has only one upper cover, m is a max-
dominating element of T :
Now assume that all elements of rank h 1 have a unique lower cover.
Then, by Lemma 5.7, we deduce that they all have the same unique lower
cover. As T is a truncated upper semi-modular lattice, it is graded by its rank
function, and all its maximal elements have rank h: This implies that T has a
unique element of rank h 2; and it is thus co-disconnected. ]
Remark 5.9. Given an order P ; we can easily deduce, from its deck, its
dual deck ððP  xÞdÞx2V ðP Þ: Then, P is a reconstruction of ðP  xÞx2V ðP Þ if and
only if Pd is a reconstruction of ððP  xÞd Þx2V ðP Þ: Consequently, P is
reconstructible if and only if Pd is reconstructible.
Theorem 5.10. Truncated semi-modular lattices are reconstructible.
Proof. Recall that an order is a truncated upper semi-modular lattice
if and only if its dual order is a truncated lower semi-modular lattice.
Thus, in accord with Remark 5.9, we only have to prove the reconstruct-
ibility of truncated upper semi-modular lattices. By Theorem 3.9,
we only need to consider truncated lattices which do not contain any
4-crown. By Theorem 5.5, we only need to consider truncated semi-
modular lattices of height greater than one. Thus, let T be a truncated
upper semi-modular lattice of height at least two that does not contain
any 4-crown. Then, by Lemma 5.8, either T is co-disconnected and
then reconstructible by Theorem 2.2(a), or T has a max-dominating
element. Since T is a truncated semi-modular lattice, all its
maximal elements have the same rank, and T is then reconstructible by
Lemma 5.2. ]
FIG. 1. A truncated lattice typology ordered by inclusion, where the bold classes are
reconstructible and the italic classes are recognizable.
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We have shown that truncated semi-modular lattices are reconstructible.
As can be seen in the typology of lattices in Fig. 1, this has the
reconstructibility of many interesting smaller classes of truncated lattices
as a consequence. We have also shown recognizability of some larger classes
of truncated lattices. As indicated earlier and from the proofs we gave here,
one can see that these classes are very close to the corresponding classes of
ordered sets in general. Thus, further insights into their reconstruction may
lead to greater insights into the general problem. A last interesting class of
truncated lattices for which no reconstruction or recognizability results are
available yet is the class of truncated complemented lattices. Note that
truncated complemented height one lattices are essentially truncated height
one lattices; we only need to exclude (dually) max-dominating elements.
Thus, reconstruction of truncated complemented lattices would also solve
reconstruction of truncated height 1 lattices, which in turn is close to
reconstruction of ordered sets of height 1.
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